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LITTLEWOOD–PALEY CHARACTERIZATIONS OF BMO AND
TRIEBEL–LIZORKIN SPACES
ANTON TSELISHCHEV AND IOANN VASILYEV
Abstract. We prove one generalization of the Littlewood–Paley characteriza-
tion of the BMO space where the dilations of a Schwartz function are replaced
by a family of functions with suitable conditions imposed on them. We also
prove that a certain family of Triebel–Lizorkin spaces can be characterized in a
similar way.
1. Introduction
One of the main results of this article is a generalization of the following state-
ment, proved in the paper [8].
Theorem A. Let tψnunPZ be a uniformly bounded system of functions defined
on Rd, having weak derivatives up to the order d ` 1. Suppose that the following
conditions hold.
1)
ř
nPZ ψnpxq ” 1 for all x ‰ 0.
2) suppψn Ď tx P R
d : 2n´1 ď |x| ă 2n`1u.
3) 2´nd
ş
|Dαψnpξq|dξ ď K2
´n|α| for 0 ď |α| ď d` 1.
Here K is a constant which does not depend on n. Define an operator y∆nf :“ ψnfˆ
and a norm
}f}D :“ sup
Q
´ 1
|Q|
ż
Q
ÿ
2´nďlpQq
|∆nfpxq|
2dx
¯1{2
,
where we take the supremum over all cubes Q, and lpQq is the length of the edge
of Q. Then C1}f}D ď }f}BMO ď C2}f}D for some positive constants C1 C2.
This theorem is in turn a generalization of Bochkarev’s inequality (see [1]) ob-
tained via replacing the de la Valle´e–Poussin kernels used by Bochkarev with a
more general system of functions. We draw the reader’s attention to the fact that
this inequality was applied by S.V.Bochkarev to various problems of the theory of
trigonometric sums, see [2] for further details.
In this paper we prove a generalization of Theorem A obtained by substituting
tψnunPZ with an even more general system of functions. In more details we com-
pletely dispense with the “d` 1 derivatives condition”, demanding bounds on the
derivatives up to the order rd{2s`1 instead. The price to pay is the norm utilized,
which we consider to be L2 and not L1. Let us state the main result of this paper.
Theorem 1. Let tψnunPZ be a uniformly bounded system of functions defined on
R
d, having weak derivatives up to the order a “ rd{2s`1. Suppose that the following
conditions hold.
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1)
ř
nPZ ψnpxq ” 1 for all x ‰ 0.
2) suppψn Ď tx P R
d : 2n´1 ď |x| ă 2n`1u.
3) (2´nd
ş
|Dαψnpξq|
2dξq1{2 ď K2´n|α| for 0 ď |α| ď a.
Here K is a constant which does not depend on n. Define an operator y∆nf :“ ψnfˆ
and a norm
}f}D :“ sup
Q
´ 1
|Q|
ż
Q
ÿ
2´nďlpQq
|∆nfpxq|
2dx
¯1{2
,
where we take the supremum over all cubes Q, and lpQq is the length of the edge
of Q. Then C1}f}D ď }f}BMO ď C2}f}D for some positive constants C1 C2.
Several remarks are in order. First, Theorem 1 is indeed a generalization of The-
orem A; this can be easily proved by the Sobolev–Gagliardo–Nirenberg inequal-
ity. Second, we emphasize that the conditions imposed in Theorem 1 are exactly
those of the Ho¨rmander–Mikhlin multiplier theorem (contact [4] or [3] for the
proof). Finally, we remark that it would not be difficult to obtain a variant of
the Littlewood–Paley decomposition for the product space BMOpRd1ˆRd2q in the
spirit of Theorem 1 along the lines of this result. However we do not attack this
problem here.
Theorem 1 provides a Littlewood–Paley characterization of the space BMOpRdq.
In the second main result of this article we establish such a characterization for
the scale of Triebel–Lizorkin spaces. We introduce those in the following
Definition 1. Let ϕ be a collection of functions on Rd, ϕ “ tϕnu
8
n“1, such that
1) supp ϕn Ď tx P R
d : 2n´1 ď |x| ă 2n`1u,
2)
ř
nPZ ϕn pxq “ 1 for all x ‰ 0,
3) 2´nd
ş
Rd
|Dαϕn pξq |dξ ď Kϕ ¨ 2
´n|α| for all 0 ď |α| ď d` 1.
The Triebel–Lizorkin space F0,p8,ϕ, for p P p1,`8q is defined as follows: f P F
0,p
8,ϕ if
and only if
}f}pϕ :“ sup
Q
¨˝
1
|Q|
ż
Q
ÿ
2´nďlpQq
|∆n,ϕf pxq |
pdx‚˛ă 8,
where the sup is taken over all cubes Q Ă Rd, l pQq is the length of an edge of Q,
and operators ∆n,ϕ are defined as:{∆n,ϕf pxq “ ϕn pxq ¨zf pxq.
The classical Triebel–Lizorkin spaces arise in a particular case of this definition,
namely when the functions ϕn are dilatations of some function from the Schwartz
class, see [5]. Our second main result here is the following theorem.
Theorem 2. Let ϕ “ tϕnu
8
n“1 and ψ “ tψnu
8
n“1 be two collections of functions
satisfying the conditions of the definition. Then
}f}ϕ À }f}ψ,
where the constant depends only on p and Kψ
Despite the fact that it would be easy to strengthen Theorem 2 via imposing a
condition demanding only rd{2s ` 1 derivatives as we made it in Theorem 1, we
intentionally keep the stronger condition with d ` 1 derivatives (the one used in
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the paper [8]) and the norm L1 here in order for the reader to compare the proofs
of Theorems 2 and 1.
Let us also point out that obtaining a Littlewood–Paley decomposition for the
scale of Triebel–Lizorkin spaces is a more difficult problem in comparison with
the scale of Besov spaces (see [5], pages 73–76). One more remark is that it
would be interesting (at least in our opinion) to compare the results of the present
paper with those of [7], since similar characterizations were used there in order to
describe some important properties of Triebel–Lizorkin and Besov spaces.
The authors are kindly grateful to their scientific adviser Sergei V. Kislyakov
for having posed the problem and for the continuous support during the process
of its solution.
We begin with the characterization of the scale of Triebel–Lizorkin spaces.
2. The Triebel–Lizorkin spaces
Proof. Denote Sn,ϕ :“ ϕˇn and Pn :“ Sn´1 ` Sn ` Sn`1. Then
∆n,ϕf pxq “ Sn,ϕ ˚ f pxq “ Sn,ϕ ˚ Pn,ψ ˚ f pxq .
Indeed this follows from the facts that
ř
n ψn “ 1 and that supp ψn Ď tx P R
d :
2n´1 ď |x| ă 2n`1u. We fix a cube Q Ă Rd and write
1
|Q|
ż
Q
ÿ
ně´ log2 lpQq
|∆n,ϕf pxq |
pdx “
1
|Q|
ż
Q
ÿ
ně´ log2 lpQq
|f ˚ Sn,ϕ ˚ Pn,ψ pxq |
pdx ď
1
|Q|
ż
Q
ÿ
ně´ log2 lpQq
ˇˇˇˇż
2Q
f ˚ Pn,ψ pyq ¨ Sn,ϕ px´ yq dy
ˇˇˇˇp
dx`
1
|Q|
ż
Q
ÿ
ně´ log2 lpQq
ˇˇˇˇ ż
Rdz2Q
f ˚ Pn,ψ pyq ¨ Sn,ϕ px´ yqdy
ˇˇˇˇp
dx,
(1)
where 2Q stands for the cube whose center coincides with that of Q, and whose
edge is two times longer than the edge of Q.
We first estimate the first integral:
I :“
1
|Q|
ż
Q
ÿ
ně´ log2 lpQq
ˇˇˇˇż
2Q
f ˚ Pn,ψ pyq ¨ Sn,ϕ px´ yqdy
ˇˇˇˇp
dx À
1
|Q|
ÿ
ně´ log2 lpQq
}∆n,ϕ ppf ˚ Pn,ψq ¨ χ2Qq }
p
LppRdq
.
(2)
Using the Young inequality we conclude that for all g P Lp
`
R
d
˘
the following
inequality holds:
}∆n,ϕ g}LppRdq “ }Sn,ϕ ˚ g}LppRdq ď }Sn,ϕ}L1pRdq ¨ }g}LppRdq.
Next, for all x P Rd we have the inequalities
|Sn,ϕ pxq | À 2
nd
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and
|Sn,ϕ pxq | À 2
´n ¨ |x|´pd`1q.
Indeed the first estimate is a piece of cake:
|Sn,ϕ pxq | “
ˇˇˇˇż
Rd
ϕn pξq ¨ e
2piix¨ξdξ
ˇˇˇˇ
ď }ϕn}L1pRdq À 2
nd.
In order to prove the second one we first infer that it is enough show that
|xd`1j ¨ Sn,ϕ pxq | À 2
´n
for all j P r1, . . . , ds. We are going to prove these in the following way: we ma-
jorize the left–hand side of the last inequality using the properties of the Fourier
transformation and the condition 3 with the corresponding multi–index dj :
|xd`1j ¨ Sn,ϕ pxq | “ |x
d`1
j ¨ ϕˇn| À |
­Ddjϕn pxq | À
}Ddjϕn pxq }L1pRdq À 2
nd´n|dj | “ 2nd´npd`1q “ 2´n,
and the second estimate follows as well.
Note that these two inequalities yield that
}Sn,ϕ}L1pRdq ď
ż
tx:|x|ď2´nu
|Sn,ϕ pxq |dx`
ż
tx:|x|ą2´nu
|Sn,ϕ pxq |dx À
2nd ¨ 2´nd `
ż
tx:|x|ą2´nu
2´n ¨ |x|´pd`1qdx À 1.
Let us now continue the estimate of the term I:
I À
1
|Q|
ÿ
ně´ log2 lp2Qq
ż
2Q
|f ˚ Pn,ψ pξq |
pdξ À
1
|2Q|
ÿ
ně´ log2 lp2Qq
ż
2Q
|f ˚ Sn,ψ pξq |
pdξ À }f}pψ.
We proceed to the second term from (1), which we denote J :
J :“
1
|Q|
ż
Q
ÿ
ně´ log2 lpQq
ˇˇˇˇ ż
Rdz2Q
f ˚ Pn,ψ pyq ¨ Sn,ϕ px´ yq dy
ˇˇˇˇp
dx.
Let us first estimate the expression that is inside of the integral over the set Q:ˇˇˇˇ ż
Rdz2Q
|f ˚ Pn,ψ pyq ¨ Sn,ϕ px´ yq dy
ˇˇˇˇ
ď
8ÿ
i“2
ż
Ωi
|f ˚ Pn,ψ pyq | ¨ |Sn,ϕ px´ yq |dy ď . . . ,
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where Ωi “ pi` 1qQziQ. We use the bound |Sn pxq | ď 2
´n ¨ |x|´pd`1q and the fact
that if x P Q and y P Ωi, then |x´ y| — ilpQq and write
. . . ď
8ÿ
i“2
ż
Ωi
2´n ¨ |f ˚ Pn,ψ pyq |
pi ¨ l pQqqd`1
dy ď
2´n
l pQqd`1
¨
8ÿ
i“2
}f}ψ ¨ |Ωi|
id`1
ď
2´n ¨ l pQqd
l pQqd`1
¨ }f}ψ ¨
8ÿ
i“2
1
i2
À
2´n
l pQq
¨ }f}ψ,
where in the last inequality we have used the lemma that follows.
Lemma 1. Let Ωi be as above. Then
1
|Ωi|
ż
Ωi
|f ˚ Pn,ψ pyq |dy À }f}ψ,
and the lemma follows.
Proof. Chop up the set Ωi into pairwise disjoint cubes tQju
N
j“1, in a way that each
of those is an image of Q under a translation. Then the number N of these cubes
satisfies N À id´1. Note that for each j P r1, . . . , Ns,ˆ
1
|Qj |
ż
Qj
|f ˚ Pn,ψ pyq |
pdy
˙ 1
p
À
ˆ
1
|Qj |
ż
Qj
|f ˚ Sn´1,ψ pyq |
p ` |f ˚ Sn,ψ pyq |
p ` |f ˚ Sn`1,ψ pyq |
pdy
˙1
p
À }f}ψ.
Using this bound together with the Ho¨lder inequality we infer thatż
Ωi
|f ˚ Pn,ψ pyq |dy “
Nÿ
j“1
ż
Qj
|f ˚ Pn,ψ pyq |dy ď
Nÿ
j“1
ˆ
1
|Qj |
ż
Qj
|f ˚ Pn,ψ pyq |
pdy
˙1
p
¨ |Qj | ď }f}ψ ¨N ¨ |Qj | À
}f}ψ ¨ i
d´1 ¨ |Q| À }f}ψ ¨ |Ωi|.

We are ready now to finish off the estimate of the term J :
J À
1
|Q|
ż
Q
ÿ
ně´ log2 lpQq
}f}pψ2
´np
l pQqp
dx À }f}pψ ¨
l pQqp
l pQqp
À }f}pψ,
and the theorem follows. 
3. The BMO inequality
Proof of theorem A. We write fQ for
1
|Q|
ş
Q
fpxqdx. We consider the following
norm in the space BMO: supQp
1
|Q|
ş
Q
|fpxq ´ fQ|
2dxq1{2. We need to show that
}f}BMO À }f}D and }f}D À }f}BMO.
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3.1. The inequality }f}D À }f}BMO. We begin with first part of the proof of
the theorem. First of all we fix a cube Q. We are going to estimate the integral´ 1
|Q|
ż
Q
ÿ
2´nďlpQq
|∆nfpxq|
2dx
¯1{2
.
We decompose f into a sum of there functions. In more details, we write pf ´
fQqχ2Q`pf´fQqχRdz2Q`fQ “: f1`f2`f3, where χA is the characteristic function
of a set A. Note that f3 is a constant, which means that ∆nf3 “ 0. Hence we
infer that
}f}2D À
´ 1
|Q|
ż
Q
ÿ
2´nďlpQq
|∆nf1pxq|
2dx
¯1{2
`
´ 1
|Q|
ż
Q
ÿ
2´nďlpQq
|∆nf2pxq|
2dx
¯1{2
.
The first term here is a piece of cake. Indeed, using the fact that tψnu are uniformly
bounded, we can conclude that }Sg}L2 À }g}L2 where Sg “ p
ř
nPZ |∆ng|
2q1{2. So,
the first term is less than or equal to´ 1
|Q|
ż
Rd
ÿ
nPZ
|∆nppf ´ fQqχ2Qq|
2dx
¯1{2
À´ 1
|Q|
ż
2Q
|fpxq ´ fQ|
2dx
¯1{2
À
´ 1
|2Q|
ż
2Q
|fpxq ´ f2Q|
2dx
¯1{2
` |f2Q ´ fQ|.
Both expressions here are less than C}f}BMO for some universal constant C. For
the first term it is a consequence of the definition of the space BMO, and for the
second one one has to sum up the inequalities
ş
Q
|fpxq ´ fQ|dx ď |Q|}f}BMO andş
Q
|fpxq ´ f2Q|dx ď
ş
2Q
|fpxq ´ f2Q|dx À |Q|}f}BMO. Hence it is left to estimate
(3)
1
|Q|
ż
Q
ÿ
2´nďlpQq
|∆nppf ´ fQqχRdz2Qqpxq|
2dx.
Let x P Q. Let us rewrite the expression that is inside of the integral in (3) (recall
that Sn “ ψˇn):
|∆nppf ´ fQqχRdz2Qqpxq| “
ˇˇˇ ż
Rdz2Q
pfpyq ´ fQqSnpx´ yqdy
ˇˇˇ
ď
8ÿ
k“2
ż
2kQz2k´1Q
|fpyq ´ fQ||Snpx´ yq|dy ď
8ÿ
k“2
«ˆż
2kQz2k´1Q
|fpyq ´ fQ|
2
˙ 1
2
ˆż
2kQz2k´1Q
|Snpx´ yq|
2dy
˙1
2
ff
.(4)
Next, we infer thatˆż
2kQz2k´1Q
|fpyq ´ fQ|
2
˙1{2
dy ď
ˆż
2kQ
|fpyq ´ fQ|
2
˙1{2
dy ďˆż
2kQ
|fpyq ´ f2kQ|
2
˙1{2
dy ` |2kQ|1{2 ¨ |f2kQ ´ fQ|.
The first term here does not exceed |2kQ|1{2}f}BMO whereas the second one is less
than or equal to k|2kQ|1{2}f}BMO, which can be easily proved by induction in k.
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Let us estimate the second factor in (4). Note that once x P Q and y P 2kQz2k´1Q,
one has |x´ y| — 2klpQq. Thanks to this fact we writeż
2kQz2k´1Q
|Snpx´ yq|
2dy À
ż
2kQz2k´1Q
|x´ y|2a
22aklpQq2a
|Snpx´ yq|
2dy À
1
22aklpQq2a
ż
Rd
|x|2a|Snpxq|
2dx À . . . .
We continue our estimates, now using the Plancherel theorem and condition 3
with multi–indexes α satisfying |α| “ a
. . . À
1
22aklpQq2a
2nd´2na.
The inequalities above yield
|∆nppf ´ fQqχRdz2Qqpxq| À
8ÿ
k“2
kp2kd|Q|q1{2 ¨ 2
nd
2
´na2´aklpQq´a}f}BMO “
lpQqd{2´a2npd{2´aq}f}BMO
8ÿ
k“2
k ¨ 2kpd{2´aq À lpQqd{2´a2npd{2´aq}f}BMO.
Finally we are able to write the following estimate for the expression (3):ˆ
1
|Q|
ż
Q
ÿ
2´nďlpQq
|∆nppf ´ fQqχRdz2Qqpxq|
2dx
˙
À
}f}2BMOlpQq
d´2a
ÿ
2´nďlpQq
2npd´2aq À }f}2BMO,
and the inequality }f}D À }f}BMO follows.
Next we proceed to the reciprocal inequality.
3.2. The reciprocal inequality. So, we need to prove the inequality }f}BMO À
}f}D. We first notice that for every constant c the following inequality holds:
(5)
´ 1
|Q|
ż
Q
|fpxq ´ fQ|
2dx
¯1{2
À
´ 1
|Q|
ż
Q
|fpxq ´ c|2dx
¯1{2
.
We remind the reader that we denote Sn :“ F
´1rψns and Pn :“ Sn´1`Sn`Sn`1.
Hence ∆nf “ Sn ˚ f . Let us choose c :“
ř
2´pn´10qělpQqpf ˚ Snqpyq where y is the
center of Q. We infer that´ 1
|Q|
ż
Q
|fpxq ´ fQ|
2dx
¯1{2
À
1
|Q|1{2
´ ż
Q
ˇˇˇ
fpxq ´
ÿ
2´pn´10qělpQq
ż
Rd
fptqSnpy ´ tqdt
ˇˇˇ2
dx
¯1{2
.(6)
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Expressing fpxq as
ř
nPZ
ş
Rd
fptqSnpx´ tqdt, one readily sees that the right–hand
side in (6) is less than or equal to
1
|Q|1{2
´ ż
Q
ˇˇˇ ÿ
2´nďlpQq
ż
Rd
fptqSnpx´ tqdt
ˇˇˇ2
dx
¯1{2
`(7)
1
|Q|1{2
´ ż
Q
ˇˇˇ ÿ
2´nělpQq
ż
Rd
fptqpSnpx´ tq ´ Snpy ´ tqqdt
ˇˇˇ2
dx
¯1{2
“: B1 `B2.(8)
We estimate B1 and B2 separately. In both estimates, the essential ingredient is a
suitable decomposition of Rd into a union of cubes. While estimating B2 we shall
also use the cancellation property of the kernels Sn in a similar way as it is done
in the proof of the Ho¨rmander—Mihlin multiplier theorem.
3.2.1. Estimate of term B1. We need to prove that
(9)
´ ż
Q
ˇˇˇ ÿ
2´pn´10qďlpQq
ż
Rd
fptqSnpx´ tqdt
ˇˇˇ2
dx
¯1{2
À |Q|1{2}f}D.
We estimate the square of the left–hand side in (9) with the help of the fact that
Sn “ Pn ˚ Sn: ż
Q
ˇˇˇ ÿ
2´pn´10qďlpQq
ż
Rd
pf ˚ PnqpuqSnpx´ uqdu
ˇˇˇ2
dx Àż
Q
ˇˇˇ ÿ
2´pn´10qďlpQq
ż
RdzQ
pf ˚ PnqpuqSnpx´ uqdu
ˇˇˇ2
dx`ż
Rd
ˇˇˇ ÿ
2´pn´10qďlpQq
ż
Q
pf ˚ PnqpuqSnpx´ uqdu
ˇˇˇ2
dx.
Hence we are done once we prove the following two inequalities:
B3 :“
ż
Q
ˇˇˇ ÿ
2´pn´10qďlpQq
ż
RdzQ
pf ˚ PnqpuqSnpx´ uqdu
ˇˇˇ2
dx À |Q|}f}2D,(10)
B4 :“
ż
Rd
ˇˇˇ ÿ
2´pn´10qďlpQq
ż
Q
pf ˚ PnqpuqSnpx´ uqdu
ˇˇˇ2
dx À |Q|}f}2D.(11)
Thanks to the triangle inequality in the space L2, the square root of the left–hand
side in (10) is less than or equal toÿ
2´pn´10qďlpQq
´ ż
Q
´ ż
RdzQ
|Snpx´ uq| ¨ |pf ˚ Pnqpuq|du
¯2
dx
¯1{2
.
In order to estimate this expression, we denote summands there by Gn and we are
going to estimate
G2n “
´ ż
Q
´ ż
RdzQ
|Snpx´ uq| ¨ |f ˚ Pnpuq|du
¯2
dx.
First, we prove the following simple statement:
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Lemma 2. If σ is a cube with side length at least 2´pn´1q, then the following
inequality holds: ˆ
1
|σ|
ż
σ
|f ˚ Pn|
2
˙1{2
À }f}D.
Proof. Let us use the definition of Pn and write:ˆ
1
|σ|
ż
σ
|f ˚ Pn|
2
˙1{2
“
ˆ
1
|σ|
ż
σ
|∆n´1f `∆nf `∆n`1f |
2
˙1{2
À }f}D,
where the last inequality is obvious due to the definition of the norm }f}D. 
Denote by Q´ the cube with the same center as Q and with the length of the
edge equal to the length of the edge of Q minus 2´pn´5q. It is going to be convenient
for us to fix a decomposition of the whole space Rd into a family of cubes tσkukPZd
with edges of the order 2´pn´4q such that Q´ “
Ť
jPJ σkj . Denote by G1 those
cubes from tσku that are contained in Q
´, and by G2 those cubes from the family
that have empty intersection with the cubes in G1. Note that in this case R
dzQ
is contained in the union of cubes from G2. We infer that
I :“
ż
Q´
´ ż
RdzQ
|Snpx´ uq| ¨ |f ˚ Pnpuq|du
¯2
dx ďÿ
σlPG1
ż
σl
´ ÿ
σkPG2
ż
σk
|Snpx´ uq| ¨ |f ˚ Pnpuq|du
¯2
dx ď
ÿ
σlPG1
ż
σl
˜ ÿ
σkPG2
´ ż
σk
|f ˚ Pnpuq|
2
|x´ u|2a
du
¯1{2´ ż
σk
|Snpx´ uq||x´ u|
2adu
¯1{2¸2
dx ď
ÿ
σlPG1
ż
σl
´ ÿ
σkPG2
ż
σk
|f ˚ Pnpuq|
2
|x´ u|2a
du
¯´ ÿ
σkPG2
ż
σk
|Snpx´ uq||x´ u|
2adu
¯
dx À . . . .
Note that the second sum over σk P G2 here is obviously less than or equal toş
Rd
|x|2a|Snpxq|
2dx, which in turn does not exceed 2nd´2na, thanks to the Plancherel
theorem. We continue the estimate, now referring to the fact that |x ´ u| —
2´n|k ´ l|, once x P σk, y P σl :
. . . À
ÿ
σlPG1
ż
σl
ˆ ÿ
σkPG2
ż
σk
|f ˚ Pnpuq|
2du ¨ 22na|k ´ l|´2a
˙
¨ 2nd´2nadx À . . . .
Using the lemma, we first write
ş
σk
|f ˚ Pn|
2 À 2´nd}f}2D and then continue the
chain of the inequalities:
. . . À
ÿ
σlPG1
ż
σl
ÿ
σkPG2
||f ||2D2
´nd22na|k ´ l|´2a2nd´2nadx À
||f ||2D2
´nd
ÿ
σlPG1
ÿ
σkPG2
|k ´ l|´2a.
As we have already noticed, |k ´ l| — 2n|x´ u| once x P σk, y P σl, and hence
2´2nd|k ´ l|´2a —
ż
σl
ż
σk
|k ´ l|´2adudx — 2´2an
ż
σl
ż
σk
|x´ u|´2adudx,
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and consequently |k´ l|´2a — 22nd2´2an
ş
σl
ş
σk
|x´u|´2a. Let us use this inequality
in the estimate of the term I.
I À ||f ||2D2
nd´2an
ÿ
σlPG1
ÿ
σkPG2
ż
σl
ż
σk
|x´ u|´2adudx “
||f ||2D2
nd´2an
ż
Q´
ż
RdzQ1
|x´ u|´2adudx,
where by Q1 we denote the cube which is the union of all cubes that do not lie in
G2. In fact, Q
1 is the cube with the same center as Q´ and with the length of the
edge equal to the length of the edge of Q´ plus 2´pn´3q.
Let us now concentrate on the integralż
Q´
ż
RdzQ1
|x´ u|´2adudx.
For sake of convenience we shift the cube Q´ in the way that Q´ “ r0, lpQ´qsd.
With no loss of generality we take the inner integral here over the set
tu “ pu1, . . . , udq P R
d : u1, . . . uk P r´2
´pn´3q, lpQ´q ` 2´pn´3qs,
uk`1, . . . , ud P p´8,´2
´pn´3qqu,
where 0 ď k ď d ´ 1. It is obvious that |x ´ u| can be substituted by |x1 ´ u1| `
. . .` |xd ´ ud|. Direct calculation of the corresponding integral shows thatż lpQq`2´pn´3q
´2´pn´3q
p|x1 ´ u1| ` . . .` |xd ´ ud|q
´2adu1 À
p|x2 ´ u2| ` . . .` |xd ´ ud|q
´2a`1.
After that we integrate the previous line k ´ 1 times with respect to variables
u1, . . . , uk the right-hand side transforms to p|xk`1 ´ uk`1| ` . . .` |xd ´ ud|q
´2a`k.
The remaining integrals can be calculated explicitly:ż ´2´pn´3q
´8
p|xk`1 ´ uk`1| ` . . .` |xd ´ ud|q
´2a`kduk`1 À
p|xk`1 ` 2
´pn´3q| ` |xk`2 ´ uk`2| ` . . .` |xd ´ ud|q
´2a`k`1.
After integrating this inequality with respect to the remaining variables, we see
that it is left to estimate the integralż lpQ´q
0
. . .
ż lpQ´q
0
p|xk`1 ` 2
´pn´3q| ` . . .` |xd ` 2
´pn´3q|q´2a`ddx1 . . . xd.
It is obvious that this integral is going to be maximal when k “ d´1. In the latter
case it is less than or equal to
H :“ lpQ´qd´1
ż lpQ´q
0
pxd ` 2
´pn´3qq´2a`ddxd.
In order to bound H , we treat two different cases separately. First, if d is even,
then a “ pd`2q{2 and hence H ď lpQqd´12n. In this case we readily conclude that
I À ||f ||2DlpQq
d´12´n.
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If d is odd, then d “ pd` 1q{2 and
H ď lpQqd´1plogplpQq ` 2´nq ´ logp2´nqq “ lpQqd´1 logp1` 2nlpQqq.
These inequalities yield that
I À ||f ||2DlpQq
d´12´n logp1` 2nlpQqq.
This implies that in either caseż
Q´
´ ż
RdzQ
|f ˚ Pnpuq| ¨ |Snpx´ uq|du
¯2
dx À ||f ||2DlpQq
d´12´n logp1` 2nlpQqq.
In order to finish the estimate of the term G2n it is left to boundż
QzQ´
´ ż
RdzQ
|f ˚ Pnpuq| ¨ |Snpx´ uq|du
¯2
dx
from above. To this end, we chop up QzQ´ into the cubes tqlu with edges of
length of order 2´pn´4q. There are about lpQqd´12npd´1q of these. Denote by q`l the
cube with the same center as ql and with the length of the edge equal to 2
´pn´5q
plus the length of the edge of ql. In analogy with what we have done above, we
obtain the followingż
ql
´ ż
Rdzq`
l
|f ˚ Pnpuq| ¨ |Snpx´ uq|du
¯2
dx À ||f ||2Dlpqlq
d´12´n2 logp1` 2nlpqlqq À
||f ||2D2
´nd.
In order to estimate the integral that rest we first use the Ho¨lder inequality,
and then the facts that
ş
q`
l
|f ˚ Pnpuq|
2du À ||f ||2D2
´nd and
ş
q`
l
|Snpx ´ uq|
2du ď
}Sn}
2
L2 “ }ψn}
2
L2 À 2
nd:ż
ql
´ ż
q`
l
|f ˚ Pnpuq| ¨ |Snpx´ uq|du
¯2
dx Àż
ql
´ ż
q`
l
|f ˚ Pnpuq|
2du ¨
ż
q`
l
|Snpx´ uq|
2du
¯
dx À }f}2D2
´nd.
Taking into account the fact that there are about lpQqd´12npd´1q of cubes in the
collection tqlu we infer thatż
QzQ1
´ ż
RdzQ
|f ˚ Pnpuq| ¨ |Snpx´ uq|du
¯2
dx Àż
ql
´ ż
q`
l
|f ˚ Pnpuq|
2du ¨
ż
q`
l
|Snpx´ uq|
2du
¯
dx À }f}2D2
´nd À }f}2DlpQq
d´12´n.
Finally the estimates yield
G2n À }f}
2
DlpQq
d´12´n logp1` 2nlpQqq.
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Now we have all the ingredients to finish the estimate of the term B3:
B
1{2
3
|Q|1{2
À
1
|Q|1{2
ÿ
ně´ log2 lpQq
}f}DlpQq
pd´1q{22´n{2 log2p1` 2
nlpQqq1{2 —
}f}DlpQq
´1{2
ÿ
mě0
2´pm´log2 lpQqq{2 log2p1` 2
m´log2 lpQqlpQqq1{2 “
}f}D
ÿ
mě0
2´m{2 log2p1` 2
mq1{2 À }f}D,
and B3 is estimated.
We proceed to the inequality (11). Note that the functions
x ÞÑ
ż
Q
pf ˚ PnqpuqSn1px´ uqdu,
x ÞÑ
ż
Q
pf ˚ PnqpuqSn1px´ uqdu
are orthogonal in L2pRdq once we suppose that |n1 ´ n2| ě 2. This is a direct
consequence of the fact that the functions ψn1 and ψn2 have non–intersecting
supports. Thanks to this orthogonality we can now estimate the expression B4
from the left–hand side of (11):
B4 “
ÿ
2´pn´10qďlpQq
ż
Rd
ˇˇˇ ż
Q
pf ˚ PnqpuqSnpx´ uqdu
ˇˇˇ2
dx “
ÿ
2´pn´10qďlpQq
ż
RdzQ
ˇˇˇ ż
Q
pf ˚ PnqpuqSnpx´ uqdu
ˇˇˇ2
dx`
ÿ
2´pn´10qďlpQq
ż
Q
ˇˇˇ ż
Q
pf ˚ PnqpuqSnpx´ uqdu
ˇˇˇ2
dx.
The estimate of the first term here can be performed in the same way as the
estimate of the term B3. The second term is less than or equal to two times the
sum ÿ
2´pn´10qďlpQq
ż
Q
ˇˇˇ ż
Rd
pf ˚ PnqpuqSnpx´ uqdu
ˇˇˇ2
dx`
ÿ
2´pn´10qďlpQq
ż
Q
ˇˇˇ ż
RdzQ
pf ˚ PnqpuqSnpx´ uqdu
ˇˇˇ2
dx.
The second sum here has been already estimated. Taking into account the fact
that Pn ˚ Sn “ Sn, we infer that the first one equalsÿ
2´pn´10qďlpQq
ż
Q
ˇˇˇ ż
Rd
fptqSnpx´ tqdt
ˇˇˇ2
dx,
which in turn does not exceed }f}2D|Q| by the definition of the norm }f}D. Hence
the term B1 is estimated.
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3.2.2. Estimate of the term B2. In order to finish the proof of the theorem we
need to prove the following inequality:
B2 “
1
|Q|1{2
´ ż
Q
ˇˇˇ ÿ
2´pn´10qąlpQq
ż
Rd
fptqpSnpx´ tq ´ Snpy ´ tqqdt
ˇˇˇ2
dx
¯1{2
À }f}D.
We remind the reader that y here is the center of the (fixed) cube Q. Once again
using the fact that Sn “ Sn ˚ Pn, we infer that the following inequality holds:
B2 ď
1
|Q|1{2
´ ż
Q
ˇˇˇ ÿ
2´pn´10qąlpQq
ż
Rd
|pf ˚ Pnqpuq||Snpx´ uq ´ Snpy ´ uq|du
ˇˇˇ2
dx
¯1{2
.
Without loss of generality, we assume that Q is centered at 0 so that y “ 0. We
are now going to estimate the terms of this sum. In more details we shall consider
the following expression:
(12)
ż
Rd
|pf ˚ Pnqp´uq||Snpu´ xq ´ Snpuq|du.
Let us decompose Rd into the cubes tδkukPZd with edge length 2
´pn´10q (so that
the center of δk is 2
´pn´10qk). We denote by Gm, m P N, the union of the cubes
from tδku such that the maximal coordinates of their centers lie between 2
´pn´10q`m
and 2´pn´10q`m`1 and by G0 the union of the remaining cubes. Hence we can write
the following inequality:
8ÿ
m“1
ż
Gm
|pf ˚ Pnqp´uq||Snpu´ xq ´ Snpuq|du ď
8ÿ
m“1
´ ż
Gm
|pf ˚ Pnqpuq|
2du
¯1{2´ ż
Gm
|Snpu´ xq ´ Snpuq|
2du
¯1{2
.(13)
Lemma 2 yields´ ż
Gm
|pf ˚ Pnqpuq|
2du
¯1{2
À |Gm|
1{2}f}D — 2
md{2 ¨ 2´nd{2 ¨ }f}D.
Let us now concentrate on the second factor in (13):´ ż
Gm
|Snpu´ xq ´ Snpuq|
2du
¯1{2
ď
´ ż
t|u|ě2´n`mu
|Snpu´ xq ´ Snpuq|
2du
¯1{2
.
In order to estimate this integral, the cancellation of ĂSnpuq :“ Snpu´xq´Snpuq
must come into play. For any r ą 1 we use the notation r1 “ r{pr ´ 1q. Let us
fix a number q, 1 ă q ă 8, which is greater than d{p2a´ dq. The Ho¨lder and the
Hausdorff–Young inequalities yieldż
|u|ě2´n`m
|ĂSnpuq|2du À dÿ
j“1
´ ż
Rd
|uajĂSnpuq|2q1¯1{q1´ ż
t|u|ě2´n`mu
|u|´2aqdu
¯1{q
—
dÿ
j“1
2p´n`mqp´2aq`dq{q}uajĂSnpuq}22q1 À dÿ
j“1
2p´n`mqp´2aq`dq{q}Daξj
xĂSnpξq}2p2q1q1.
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Note that p2q1q1 “ 2q{pq ` 1q. Hence the expression (13) does not exceed
8ÿ
m“1
2md{2 ¨ 2´nd{2 ¨ }f}D ¨ 2
p´n`mqp´2aq`dq{2q ¨max
j
}Daξj
xĂSnpξq} 2q
q`1
“
}f}D ¨max
j
}Daξj
xĂSnpξq} 2q
q`1
¨ 2´nd{2 ¨ 2na ¨ 2´nd{2q ¨
8ÿ
m“1
2mp
d
2
´a` d
2q
q
.
Since q is greater than d{p2a ´ dq, the sum here is equal to some finite constant
and we are left with the expression
}f}D ¨max
j
}Daξj
xĂSnpξq} 2q
q`1
¨ 2´nd{2 ¨ 2na ¨ 2´nd{2q.
In order to estimate }Daξj
xĂSnpξq}2q{pq`1q we note that xĂSnpξq “ ψnpξqpe2piix¨ξ´ 1q and
hence supp
xĂSn Ă t2n´1 ď |ξ| ă 2n`1u. It is easy to see that if γ ď a, then for
x P Q, ξ P supp
xĂSn there holds |Daξj re2piix¨ξ ´ 1s| À lpQq2np1´γq. Indeed, for γ “ 0
it is true because |e2piix¨ξ ´ 1| À |x ¨ ξ| À 2nlpQq and for γ ą 0 it is a consequence
of the inequality Dγξj re
2piix¨ξs À |x|γ À lpQqp2´nqγ´1.
Using this estimate and the Leibnitz rule we infer that
|Daξj
xĂSnpξq| À lpQq aÿ
r“0
|Drξψnpξq| ¨ 2
´npa´r´1q.
This allows us to write
}Daξj
xĂSnpξq} 2q
q`1
À lpQq ¨ max
0ďrďa
2´npa´r´1q}Drξjψnpξq} 2qq`1
.
The norm here can be estimated by means of the Ho¨lder inequality:
}Drξjψnpξq}
2q
q`1
2q
q`1
“
ż
2n´1ď|ξ|ă2n`1
|Drξjψnpξq|
2q
q`1dξ ď
|t2n´1 ď |ξ| ă 2n`1u|1{pq`1q
´ ż
|Drξjψnpξq|
2dξ
¯q{pq`1q
.
The first factor in the last line is less than or equal to 2nd{pq`1q whereas the second
one does not exceed p2nd´2nrqq{pq`1q thanks to the third assumption of the theorem.
So we conclude that the following inequality holds:
}Drξjψnpξq} 2qq`1
À 2
nd
2q ¨ 2
nd
2
´nr.
Finally, collecting all the estimates, we see that the expression (13) is bounded
from above by 2nlpQq}f}D.
In order to finish the estimate of the expression (12) it is left to deduce a similar
bound for the integralż
G0
|f ˚ Pnp´uq||Snpu´ xq ´ Snpuq|du.
Note that G0 is composed of the fixed number of cubes: this number depends on
the dimension d only. Hence we are done once we estimate integrals over δ for
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δ P G0, namely ż
δ
|f ˚ Pnp´uq||Snpu´ xq ´ Snpuq|du.
Using basic properties of the Fourier transformation along with the Ho¨lder in-
equality, we infer that
|Snpu´ xq ´ Snpuq| À lpQq}∇Sn}8 À lpQq}|ξ|ψnpξq}1 À
lpQq2n}ψn}1 À lpQq2
n2nd{2}ψn}2 À 2
ndlpQq2n.
This implies the following boundż
δ
|f ˚ Pnp´uq||Snpu´ xq ´ Snpuq|du À 2
ndlpQq2n
ż
δ
|f ˚ Pnp´uq|du ď
2ndlpQq2n|δ|1{2
ˆż
δ
|f ˚ Pnp´uq|
2du
˙1{2
À 2nd|δ|lpQq2n}f}D À }f}DlpQq2
n.
Note that here we once again used Lemma 2.
Finally, we are ready to finish off the estimate of term B2 and thus the proof of
the theorem:
B2 À
ÿ
2´pn´10qąlpQq
}f}D ¨ lpQq ¨ 2
n À }f}D.

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